We present a general method, based on a multiple-scale approach, for deriving the perturbative solutions of the scaling equations governing the expansion of superfluid ultracold quantum gases released from elongated harmonic traps. We discuss how to treat the secular terms appearing in the usual naive expansion in the trap asymmetry parameter , and calculate the next-to-leading correction for the asymptotic aspect ratio, with significant improvement over the previous proposals.
I. INTRODUCTION
The physics of ultracold quantum gases has been the object of an intense experimental and theoretical investigation since the achievement of Bose-Einstein condensation in dilute trapped gases in 1995 [1, 2] . A common ingredient of these experiments is the so called time-offlight, that is the expansion of the gas after the release of the confining potential. For some typical experimental regimes, the expansion after the release from harmonic traps can be described by scaling solutions, in terms of three scaling parameters b i (t) (i = 1, 2, 3), which obey a system of second-order ordinary differential equations, of the general form (where ω i are the trapping frequencies) [1] [2] [3] [4] [5] [6] 
with initial conditions b i (0) = 1,ḃ i (0) = 0 . In particular, γ = 1 corresponds to the case of a Bose-Einstein condensate (BEC) in the Thomas-Fermi (TF) limit [1, 3, 4] , whereas γ = 2/3 refers to a unitary superfluid Fermi gas [2, 5, 6] . The solution of the above equations allows the complete characterization of the expansion of the cloud size as R i (t) = R i (0)b i (t). In the case of strongly elongated cylindricallysymmetric traps, = ω z /ω ⊥ 1, the above equations read
with τ ≡ ω ⊥ t. Usually, these equations are solved by means of an expansion in powers of 2 , by the ansatz
For example, for the BEC case γ = 1, one retains the zeroth-order in b ⊥ , and up to second order in b z , leading to the well-known Castin and Dum scaling [3] 
that nicely describes the experimental data [1] . From these expression one can also infer the asymptotic aspect ratio, defined as lim
. However, one may notice that the above expansion is strictly valid only in the perturbative regime, when the second order correction in (6) is smaller that unity, namely for τ 2/π 2 . This condition is in general well satisfied in the typical experimental regimes, but in principle does not permit the direct extraction of the asymptotic limit, because of the secular term τ arctan τ that eventually invalidates the perturbative expansion.
Here we present a general method, based on a multiplescale perturbative expansion, that allows the derivation of a uniformly valid expansion, where the hierarchy of sub-leading terms is preserved at any time. This can be achieved by means of a proper resummation of the secular terms [7] .
The paper is organized as follows. In Sect. II we reformulate the problem by using a Hamiltonian approach (see also [4] ). In §II A we show that the leading term of the asymptotic ratio can be computed already at zerothorder in the naive expansion, by using the expression in terms of the canonical momenta (avoiding secularities). We find that this result may represent a good approximation of the exact (numerical) asymptotic aspect ratio, depending on the value of γ, and provided that is small enough. However, it may deviate significantly from the exact solution for γ 1, already for not too large values of (e.g. ≈ 0.05). In §II B we show that the next-to-leading order in the naive expansion gives rise to secular terms for any γ, requiring therefore a different expansion approach. Then, in Sect. III we introduce the general ideas for the multiple scale approach, and consider the next-to-leading correction to the asymptotic aspect ratio, addressing in particular the case γ = 1 and 1/2 < γ < 1. In both cases the expansion tuns out to be non-analytic due to the presence of terms proportional to arXiv:1107.5833v1 [cond-mat.quant-gas] 28 Jul 2011
Then, the zeroth-order solution is simply b 
From energy conservation we have
and
⊥ may be easily obtained in implicit form as
(14) Here we have defined for latter use
.
The asymptotic value of p (0)
z is given by the integral
with γ > 1/2; here we have used the fact thatṗ
⊥ /2, combined with Eq. (13). From the same equation we get
Therefore, within this hamiltonian formalism, the leading term of the asymptotic ratio can be computed already at zeroth-order by using the expression in terms of the canonical momenta,
. This has to be compared with the usual approach in terms of the b i , where one should include terms up to order 2 in b z (see Eq. (8) and [3] ). By using the above leading values of the momenta we obtain
From this expression we can extract the TF bosonic case γ = 1, and the unitary fermionic case, γ = 2/3
that coincide with the results in [1, 8] .
In Fig. 1 we compare this zeroth-order prediction (dotdashed line) with the asymptotic aspect ratio obtained from the full numerical solution [10] of Eqs. (2)-(3) (solid line), as a function of γ. This figure shows that the zeroth-order result (17) is rather good for γ 1, but deviates significantly from the exact (numerical) solution for lower values of γ, when is not sufficiently small. We will see in the following how to improve this result.
Notice also that we have not yet implemented the cancellation of secularities (that in fact occurs at the next order in the expansion).
B. Next-to-leading order (naive)
The next-to-leading order equations arė Let
grows unboundedly with τ . This behavior is physically correct because we expect non-zero asymptotic limits for both velocities. However, with regard to perturbation theory, the growing of the first order correction must be interpreted as the occurrence of a secular term relative to the naive zeroth-order solution b
That is, the perturbative hypothesis breaks down after times of order 1/ 2 c(γ). Therefore, to avoid the appearance of these terms we propose a reinterpretation of the perturbative analysis in the framework of multiple-scale analysis. It is notable that the resummation involved in this procedure implies that the higher-order terms of the velocities are O (
2 ) 2γ−1 if 1/2 < γ < 1, and O( 4 ln ) when γ = 1.
III. MULTIPLE SCALE APPROACH
We begin by introducing an additional time scale τ 1 (τ ) = 2 τ , and assume a perturbative expansion
in such a form that the corrections Q 
removes the linear secularity. An explicit computation with the assumed initial conditions yields the following implicit expression
which produces the asymptotic behavior
2 − 4γ ,
for τ → ∞ at fixed τ 1 (τ 1 = O(1)). Now the equation for Q (1) z is simply
which in the region τ → ∞, τ 1 = O(1) is of order τ 1−2γ . This leads to an asymptotic growth rate that is slower than linear.
Let us now consider the cases γ = 1 and 1/2 < γ < 1 separately. For the boson case γ = 1 the expressions are more transparent and become 
with G(τ, s) being the following Green's function
The corresponding integrations produce
(42) andḃ
that corresponds to the first order correction to the asymptotic radial momentum. Thus, one obtains the asymptotic values
These results represent a significative improvement for the asymptotic ratio AR ∞ = (1/2 2 )(p ⊥ /p z ) ∞ with respect to the zeroth-order result in Eq. (18), as shown in Fig. 2 (red dotted line) , and in the three panels of Fig.  1 (red dots) .
Finally, let us now consider briefly the asymptotics of momenta in the case 1/2 < γ < 1. Now p ∞ z is given by
where the O( 2 ) terms come from integrations that are analogous to those in the last brackets of Eq. (38). It is possible to perform an asymptotic expansion of above integral and to obtain the two leading terms. The result is 
Notice that the expansion contains a term proportional to ( 2 ) 2γ−1 that dominates over the 2 term when 1/2 < γ < 1. However, the latter term cannot be discarded, as it is needed to cancel the singularity in the limit γ → 1, producing an O( 2 ln ) term. Therefore, the improved asymptotic ratio AR ∞ can be obtained by combining Eq. (47) with
where the second term is easily obtained from energy conservation. Even in this case, it represents a significant correction with respect to the zeroth-order result, as shown in Fig. 1 . In particular, the asymptotic expressions for the fermionic case, γ = 2/3, are
and the corresponding aspect ratio is shown in in Fig.  3 , as a function of 2 . In this case, the improvement provided by the multiple-scale approach over the naive zeroth-order result is quite significant in the small regime. 
IV. CONCLUSIONS
The asymptotic aspect ratio predicted from the naive expansion is surprisingly adequate, when considering that the naive expansion is invalid for the large times for which the aspect ratio is desired. We have explained this success as being derived from the Hamiltonian character of the equations of motion, so that in fact it is not a perturbative result. We have also produced resummed corrections to next order, in which the non-analycity becomes apparent. The techniques applied here have a long history in applied mathematics; most of the published examples of the multiple scales method, however, concern bounded periodic motion. Here we make an novel application thereof to asymptotically linear solutions. We have provided perturbative expansions in the anisotropy parameter which are valid over the whole expansion time, and not only for small times. This could be used to extract trap information out of longer time-of-flight experiments. The techniques presented here have wider applicability, and could be applied to, for instance, expansions of multiple species.
